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Abstract
An innovative way of networking two programmable Josephson arrays generating
synchronous waveforms for impedance ratio measurements, as the first of its kind,
is presented. This pioneering approach of the Josephson Impedance Bridges is
far more flexible than conventional bridges at the same level of measurement
uncertainty. Results prove that aside from having the capability of measuring
over a wider frequency range, the Josephson bridge permits measurements on
two impedances with any value of phase angle between them.
In the two-terminal-pair Josephson bridge setup, measurements are made for a
1:1 resistance ratio at the 10-kΩ level in the frequency range between 25 Hz and
10 kHz. Uncertainties reach to levels of better than a few parts in 108 and results
agree to the values measured from conventional impedance bridges.
Two methods for four-terminal impedance measurements have been investigated,
the potential comparison circuit and the coaxial setup. Both methods are capable
of measuring from DC to 6 kHz with uncertainties to 10−8. The four-terminal-
pair coaxial setup has potential to decrease the relative uncertainty down to 10−9
once systematic errors are analyzed and canceled.
Thermal converter measurements have been made to investigate the effects of
transients on stepwise approximated sinewaves. Rms measurements show that
transients limit the uncertainty to about 10−6 at 1 kHz. A simple model with an
equivalent time constant is presented to evaluate the influence of different param-
eters on the shape of the transients. It has been experimentally established, at
the 10−8 level of uncertainty for the determination of impedance ratios, that the
variations of the transients in stepwise approximated waveforms can be neglected
when using the fundamental component of rectangular waveforms.
Quantization at up to 10 kHz has been confirmed by varying the bias current of
the Josephson arrays resulting in constant resistance ratios within the measure-
ment resolution.
Kurzfassung
Ein innovativer Weg, zwei programmierbare Josephson-Schaltungen fu¨r Impedanz-
Verha¨ltnismessungen zu verknu¨pfen, wird erstmals in dieser Arbeit pra¨sentiert.
Dieser neuartige Ansatz einer Josephson-Impedanzmessbru¨cke ist flexibler als
konventionelle Impedanzmessbru¨cken bei gleicher Messunsicherheit. Es wird
gezeigt, dass neben der Mo¨glichkeit, u¨ber einen wesentlich gro¨ßeren Frequenzbe-
reich zu messen, die Josephson-Impedanzmessbru¨cke auch Messungen sehr unter-
schiedlicher Impedanzverha¨ltnisse und beliebiger Phasenwinkel erlaubt.
In einer Zwei-Tor-Anordnung der Josephson-Impedanzmessbru¨cke wurden Mes-
sungen fu¨r ein 1:1 Widerstandsverha¨ltnis bei 10 kΩ im Frequenzbereich von
25 Hz bis 10 kHz durchgefu¨hrt. Die Ergebnisse stimmen mit denen einer kon-
ventionellen Messbru¨cke im Rahmen der Unsicherheit von wenigen 10−8 u¨berein.
Fu¨r eine Vier-Tor-Anordnung wurden zwei unterschiedliche Methoden unter-
sucht, eine Spannungsverha¨ltnisschaltung und eine koaxiale Vier-Tor-Anordnung.
Letztere hat das Potential, Unsicherheiten von 10−9 zu erreichen, sobald syste-
matische Fehler eliminiert sind.
Um Effekte der Transienten in stufenfo¨rmig approximierten Sinuswellen zu un-
tersuchen, wurden Messungen an Thermokonvertern durchgefu¨hrt. Diese Effek-
tivmessungen zeigen, dass Transienten die relative Messunsicherheiten auf etwa
10−6 bei einer Frequenz von 1 kHz beschra¨nken. Es wird ein einfaches Modell
vorgestellt, das die Form der Transienten in Abha¨ngigkeit der wesentlichen Pa-
rameter beschreibt. Experimentell konnte bei Impedanzverha¨ltnismessungen mit
einer relativen Messunsicherheit von 10−8 nachgewiesen werden, dass die Varia-
tion der Transienten in stufenfo¨rmig approximierten Wellenformen vernachla¨ssig-
bar ist, wenn die fundamentale Komponente eines Rechtecksignals verwendet
wird. Quantisierte Plateaus wurden bis zu Frequenzen von 10 kHz gefunden,
bei denen die Variation des angelegten Stroms durch die Josephson-Schaltungen
keine Vera¨nderung des Impedanzverha¨ltnisses zur Folge hatte.
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Chapter 1
Introduction
In the field of metrology, the dissemination of electrical impedances has been dependent
on transformer based impedance bridges for decades. The present state-of-the-art bridges
allow measurements of impedances at an accuracy of 10−9. A typical setup of such a bridge
uses a series of sources, voltage dividers and detectors to relate impedance standards to
the quantum Hall resistance [1]. However such bridges are limited to the comparison of
impedance values of fixed ratios, such as 1:1 or 1:10, and at a fixed phase of 0◦ or 90◦. These
bridges operate best in the frequency range from about 0.5 kHz up to 10 kHz bounded by
the limitations of inductive voltage dividers at low frequencies and at high frequencies due
to increasing type-A uncertainty in null detectors.
The capability of investigating the frequency dependence in impedances became increas-
ingly important, especially towards low frequencies, as electrical units are defined for their
DC values. For example the Electron Counting Capacitance Standard (ECCS) requires the
precise capacitance measurement of a cryo-capacitor in terms of the Quantum Hall resistance
(RK) at 0.01 Hz to 1 kHz with a relative uncertainty no greater than 10
−7 [2]. Saturation ef-
fects in the ac bridges used presently, limit the uncertainty of the capacitance measurements
below 50 Hz to 10−6.
For more than two decades, Josephson voltage standards (JVS) have been widely used
in the realization of the DC volt by national metrological laboratories throughout the world.
DC voltage at 10 V level can be reproduced with an accuracy of 1 part in 109 or even better
[3]. Based on conventional Josephson arrays these standards have also been used to measure
DC resistance ratios [4].
The Josephson potentiometer based on new programmable Josephson arrays [5] has been
demonstrated to measure resistance ratios near 1:1 with uncertainties of a few parts in 109 [6].
Considerable progress has been made since that time in the application of binary Josephson
arrays towards quantum based AC voltage standards in AC electrical metrology [7–14].
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By rapidly switching a series of Josephson junctions between their quantized voltage
steps, AC waveforms with calculable rms voltages can be generated [11]. The accuracy is,
however, largely dependent on the transients that occur during switching between quantized
output voltages and their reproducibility, so far not better than 1·10−6 at 1 kHz for rms
values. Modeling and understanding the transients will be necessary to improve the precision
of synthesizing Josephson stepwise approximated sinewaves [Jinni-2] [15].
Two Josephson waveform synthesizers can be arranged together with a pair of resistance
standards to form a Josephson impedance bridge. Besides being a quantum based standard,
a Josephson impedance bridge would offer several advantages such as operating at arbitrary
frequencies, phase angles and ratios for impedance comparisons. Frequencies are adjustable
in an extensive range of DC to 125 kHz in steps of mHz. Unlike present impedance mea-
surement setups, the measurement accuracy of a Josephson bridge improves towards lower
frequencies (i.e. < 1 kHz). Impedances with arbitrary phase angles can be measured by a
Josephson impedance bridge through synchronization of bias electronics between two Joseph-
son systems. For that reason, one same setup would be adequate for comparing impedances
of different phases. Furthermore, programmable Josephson standards have the flexibility to
switch to any voltage from steps of ≈150 µV up to 10 V. A Josephson impedance bridge
would have the freedom to measure unconventional impedance ratios that is never experi-
enced by traditional ac bridges.
Another advantage of a Josephson impedance bridge is its ability to be completely au-
tomated without losing accuracy due to relays and switches. Not only does this mean
reduction in human operation errors, conservation of manpower and hence saving cost - it
also outperforms manually operated bridges in terms of fast and accurate result collection.
Chapter 2 provides an overview of the theory of operation on Josephson arrays and
impedance bridges, including models for the analysis of error contributions. Chapter 3
describes the measurement setup such as Josephson arrays and bias electronics used within
this work. The measurements of transients in stepwise synthesized sine waves are presented
under Chapter 4. The two-terminal and four-terminal Josephson impedance bridges and the
results obtained are discussed in Chapter 5.
2
Chapter 2
Fundamentals
2.1 Josephson Effect
The Josephson effect is the phenomenon of tunneling electron pairs across a thin insulating
barrier (on the order of a few nanometers thick) separated by two weakly coupled super-
conductors. This means that all Cooper pairs are in the same quantum-mechanical state
and can be described by one wave function. The structure of two superconductors linked
by a non-superconducting barrier material, is known as a Josephson junction; the current
that crosses the barrier is the Josephson current. This effect was predicted by Brian David
Josephson in 1962 [16].
With the Josephson effect an exact conversion between voltage and frequency can be
produced. Since the frequency is already been defined precisely by the cesium standard [17],
the Josephson effect is hence used in metrological areas for defining the volt.
2.1.1 Josephson Equations
There are two basic equations that describe the Josephson effect. 1) The superconducting
phase evolution equation
U(t) =
~
2e
∂φ
∂t
(2.1)
and 2) the Josephson or weak-link current-phase relation
I(t) = ICsin(φ(t)) (2.2)
where U(t) and I(t) are the voltage and current across the Josephson junction, φ(t) is the
difference in phase factor across the junction. IC is the critical current and characterizes the
largest possible dc supercurrent flowing through the junction.
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The Josephson junction behaves just like a voltage driven, high frequency oscillator.
The rate of magnetic flux quanta (Φ0) being transferred perpendicular to the junction is
equivalent to the drop of dc voltage over the junction.
The Josephson frequency can be modulated when an electro-magnetic field of frequency
fe (fe in the microwave range of the spectrum) is applied to the junction using an external
generator. The junction displays non-linear current voltage attributes and shows steps of
constant voltages, or better known as Shapiro steps. [18]
Vn = nΦ0fe (2.3)
n=1,2,3... is the number of the voltage step. The Josephson constant KJ = (Φ0)
−1 =
(h/2e)−1 is used instead of (Φ0)
−1 in metrology such that
Vn =
nf
KJ
(2.4)
where the value of KJ has been defined as KJ−90 ≡483597.9 GHz/V since 1990.
This equation shows that the uncertainty of the microwave’s frequency coupled to the
Josephson junction causes the theoretical uncertainty on the voltage steps [19]. Due to
modern cesium based atomic clocks, the frequency uncertainty is at a considerable range
of 10−14 to 10−16. This can be taken as the acquired uncertainty of a Josephson voltage
standard. In DC metrological areas, voltage can be reproduced at a relative uncertainty of
up to 10−11 due to thermal EMF and noise at room temperature.
2.1.2 RCSJ Model
A practical current biased Josephson junction can be described as a parallel circuit of a
normal conducting resistor (junction resistance Rn), a capacitor C, and the ideal Josephson
junction J . Figure 2.1 shows the schematic of the Stewart-McCumber model [20; 21]. When
the circuit is irradiated by external microwave, the total current flow through the circuit can
thus be characterized by
I0 + I1 sinωet = IC + IR + IJ (2.5)
The currents can be described by:
IC = C
dV (t)
dt
, IR =
V (t)
Rn
, IJ = IC sinϕ (2.6)
where I0 is a dc current that is biasing the circuit.
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I (t) Rn C Ic sinĳU (t) J
RCSJ model
Figure 2.1: Stewart-McCumber model: a real Josephson junction can be described by a
parallel circuit of a normal conducting resistor (junction resistance RN), a capacitor C, and
the ideal Josephson junction J .
From the Josephson equations, we can derive the following where the coefficient βC stands
for the Stewart-McCumber parameter.
βC =
2e
h
· IC ·R
2
n · C (2.7)
βC characterizes the quality of the Josephson resonator or similarly the attenuation of the
LC circuit. The Josephson junction can be described as an inductance according to
LJ =
Φ0
2piIC
=
~
2eIC
(2.8)
βC can be expressed by the ratio between the characteristic frequency ωc of a Josephson
junction and its plasma frequency ωp, √
βC =
ωc
ωp
(2.9)
where
ωc =
2piICRn
Φ0
, ωp =
√
2piIC
Φ0C
. (2.10)
and ωc and ωp are linked to the RC time constant τRC = RnC as:
ωRC =
1
τRC
=
ω2p
ωc
(2.11)
When βC ≫ 1, a high capacitance C and a high resistance Rn lead to a small attenuation
and subsequently to a large hysteresis of the current-voltage characteristics of the Joseph-
son junction. A significant under-damping appears in unshunted SIS Josephson junctions
commonly found in conventional voltage standard circuits. [22]
5
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Whereas when βC ≪ 1, a zero or a negligibly small capacitance C and a low resistance
Rn lead to a high attenuation and a current-voltage characteristics nearly free of hysteresis.
This is a common characteristics of the over-damped SNS junctions, which will be described
later as the use of programmable array for AC voltage standards.
βC ≈ 1 is found in shunted SIS junctions and SINIS junctions that are both used for
voltage standard circuits. In this case, the hysteresis parameter is adjusted carefully such
that the current-voltage characteristic is free from any hysteresis. [22]
6
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2.2 Josephson Voltage Standards
A decade after the Josephson effect was predicted, it was proven around the world that the
Josephson effect is confirmed for all materials and for all kinds of junctions as long as the
previously stated conditions are fulfilled [23–25]. Since then the Josephson effect has found
a wide range of usage in the metrological purposes. Due to the previously mentioned fact
that it allows exact conversion between frequency and voltage, it is hence used in precision
metrology to provide the definition of a volt.
Prior to the standardization of the Josephson junction voltage standard, national metrol-
ogy institutes used specially constructed batteries, the Weston standard cell, to maintain the
volt. At the beginning when the Josephson effect was introduced, small voltages generated
by quantum voltage elements, at the range of millivolts, were realized by many laborato-
ries. Notwithstanding small output voltages and complex procedures, the small uncertainty
achieved in the reproduced quantum voltages surpassed immensely all other traditional volt-
age standards. A decade later, the fabrication of many Josephson junctions connected in
series became feasible by the advance in modern semiconductor fabrication technology.
Modern 1 to 10 V DC references have progressed to be based on arrays combining 2000
- 20000 Josephson junctions in series that are irradiated by a microwave with a typical
frequency of approximately 70 GHz [26–28].
DC voltage reference standards are generally based on underdamped junctions of Su-
perconductor - Insulator - Superconductor (SIS) junctions with a McCumber parameter
value βc > 1 as described in the previous section in equation 2.7. Figure 2.2a shows the
current-voltage (or IV) characteristics for an underdamped Josephson array under microwave
irradiation. The highly hysteretic behavior can be seen by observing the quantized voltage
across the junction that can exist without DC bias current. These voltage steps are thus
called the zero-crossing steps.
One advantage of having zero-crossing steps is the absence of bias current making the
output voltage insensitive to unwanted additional series resistances. Also, the fabrication
process is more straightforward since the damping resistance can be ignored. However,
the downside to underdamped junctions is that they are very sensitive to environmental
interference. The output voltage heavily depends on the initial conditions of the dynamic
equations describing the system instead of a set of bias parameters. To prevent interference
causing unnecessary transitions between voltage steps, electromagnetic shielding criteria have
to be followed strictly.
The drawbacks of underdamped junctions have lead to development of programmable
Josephson arrays based on overdamped junctions [5]. Suitable overdamped junctions are
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Figure 2.2: A schematic IV curve of Josephson voltage standard where (a) contains under-
damped junctions from the SIS arrays and (b) overdamped junctions from arrays such as
the SINIS or the SNS
found to be Superconductor-Normal-Superconductor (SNS) [29] or Superconductor-Insulator-
Normal-Insulator-Superconductor (SINIS) junctions [30]. An example IV curve from such
an array, shown in Figure 2.2b, demonstrates steps of constant voltage that can be biased
by the driving current. It has since opened up a field of possible applications such as the use
of binary programmable Josephson junction arrays for instance for many AC applications.
2.2.1 Josephson Arrays
The systems were setup using 1 V SINIS and SNS arrays of 8192 Josephson junctions. A
binary divided array is used, where the number of junctions follows a binary sequence of 16
segments. With the irradation of microwaves at approximately 70 GHz, a voltage of 1.19 V
can be obtained from the array. Figure 2.3 shows the layout of a conventional 1-V SINIS
Josephson array, where 8192 Josephson junctions are arranged in the parallel striplines for
guiding the microwaves.
The arrays were attached to the end of a cryoprobe that ran 16 coaxial cables connecting
to each binary segment of the array. This end of the probe is to be placed into liquid
Helium at a temperature of 4 K, while the cables will lead up to room temperature onto a
connection panel at the top end of the probe. Power losses on the cryoprobes have been kept
to a minimum by employing oversized circular waveguides.
The arrays operate with microwaves in the frequency range around 70 GHz. As a result,
amplitudes of up to 1.2 V can be programmed in increments of the voltage generated by a
8
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DC Blocks SINIS Array Load DC Contacts
Antenna
Ground
Figure 2.3: Layout of a conventional 1-V SINIS Josephson array. 8192 Josephson junctions
are arranged in 14 parallel striplines. The total length of the circuit is 24mm.
Figure 2.4: Image of two arrays of 10-V (above) with 69120 SINIS Josephson junctions and
1-V (below) with 8192 SINIS Josephson junctions
Figure 2.5: A 1-V Josephson array chip mounted and soldered on a cryoprobe end to be
covered by a mu-metal shield and lowered into liquid helium at 4 K.
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single junction, approximately 145 µV. In order to allow adjusting the output voltage of one
of the arrays in increments smaller than these 145 µV we have used a microwave synthesizer
programmable in steps of about 8 kHz which allows a resolution of 8 kHz/70 GHz≈ 0.1 µV/V
[31]. The maximum microwave output power is 120 mW at its center frequency of 70 GHz.
Most importantly, it is directly synchronized from the 10 MHz signal of the atomic clock
to attain the highest accuracy of the frequency as possible. Both frequency and power are
controlled by a computer.

frf
>
Voltage
x  xx   xxxx xxxxxxxx
V1 2V1 4V1 8V1
~ ~ ~ ~
 Load
Figure 2.6: Circuit diagram of the binary segmented programmable Josephson array
2.2.2 Stepwise Approximated Waveforms
The advantage of arrays with overdamped junctions is that the voltage steps can be selected
precisely and very quickly, opening up numerous applications in AC voltage generation. A
new architecture has been developed for these arrays, based on a distribution of Josephson
junctions in binary sequences called segments (Figure 2.6). Each of the segments irradiated
at frequency f can be polarized individually on steps n = 0, 1, by applying a bias current
Iiseg = 0, Istepwidth(figure 2.7).
The output voltage of the array is the sum of the voltages developed by each segment,
which can be calculated from the Josephson equation with the number of junctions that are
activated. The possibility of controlling current sources by computer turns the Josephson
junction array into a fundamental precision digital/analog converter or a programmable array
[5]. By rapidly switching a series of Josephson junctions between their quantized voltage
steps, AC waveforms with calculable rms voltages can be generated.
A typical programmable Josephson array is biased into 15 segments. A waveform program
is performed on the bias sources to generate stepwise approximated waveforms of different
samples. For example as shown in figure 2.8, a 8-sample waveform is generated with 8 steps
of quantized voltage as compared to a waveform generated with 32 steps of quantized voltage.
As the synthesized waveform uses higher number of samples, it appears more alike to a sine
wave.
10
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Figure 2.7: IV curve of a programmable Josephson array showing the middle of the step as
Iiseg = 0
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Figure 2.8: Time traces of a 8-sample and a 32-sample synthesized waveforms.
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The achievable uncertainty of stepwise approximated waveforms, however, is largely de-
pendent on the transients between quantized output voltages and their reproducibility [Jinni-
2][8; 11; 15; 32].
2.2.3 Error Contributions
2.2.3.1 Transients
The primary goal of most ac applications for the Programmable Josephson Voltage System
(PJVS) is to provide a signal with a precisely calculable rms value. However in practice it
is not possible to completely ignore the errors caused by the transitions between quantized
levels of the waveform. Figure 2.9 shows the simplified time traces of an ideal waveform and
a synthesized waveform. It can be seen that the small differences caused between switching
of electronics from one quantized step to the next cannot be entirely avoided. Nevertheless,
it is possible to model the effect caused by the transients.
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 Ideal waveform
 Synthesized waveform
Error due to transients
Figure 2.9: Error in a synthesized waveform due to transients that are caused by switching
of electronics from one quantized step to the next.
For linear transients with trise = tfall ≃ 200 ns, it has been calculated that the error
relative to the rms voltage of the same waveform but with arbitrarily short transients, the
ideal rms value, scales linearly with the number of samples per period and with synthesized
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frequency [8]. This calculation was confirmed experimentally for frequencies up to 500 Hz
[11].
Improvements in bias electronics gave hope that low uncertainties could be achieved also
in the kHz-range due to a significant reduction in the duration of the transients [32]. At the
same time, a model for the influence on the transients of the precise operating parameters
of the Josephson array has been proposed [15], affecting transients through delays on the
rising and falling edges of the synthesized waveform.
The initially expected reduction in the ac-dc transfer difference from the ideal value has
however not been observed, motivating the development of a more detailed description of
the transients and their dependence on the precise operating parameters of the Josephson
array.
Pulse driven arrays seem preferable for this purpose, but unfortunately, their highest
peak amplitudes achieved are still below the 1-V level [33], requiring pre-amplifiers which
limit uncertainties in AC-DC transfer measurements [34].
A simple model is presented that describes the current dependence of the transients
due to the equivalent capacitances in the measurement system. The measurement results
qualitatively agree with this model. It is shown that the presence of asymmetries between
rising and falling edges limits the dependence on the number of samples per period of the
synthesized signals.
2.2.3.2 Model of Current Dependence
Figure 2.10 shows a simple model where the whole system – the output resistance of the
bias source, the cables between the bias sources and the array, the output cables between
the array and the measuring instrument, any filters used on any of these connections, etc—is
grouped into a single RC time constant [35]. For simplicity, the bias sources, in our case
voltage sources, are considered ideal step generators. It should be pointed out that this
model is not deduced from the actual physical set-up.
The non-linear behavior of the array, J in figure 2.10, has been approximated by a
piecewise continuous function, presented in figure 2.11. For the transients, the array can
be modeled as a constant current source I0H in parallel with the dynamic resistance of the
array rd = UJ/(I1L − I0H), where UJ is the voltage on the first order Shapiro step and InL
and InH are the low and high current edges of the n-th order Shapiro step of the Josephson
array. The current source accounts for the fact that any current below I0H cannot charge the
equivalent capacitance C, as the array behaves as a superconducting short circuit. In this
model, the measuring instrument is connected directly across the array without any cables.
For all the discussions and measurements in this paper, the positive and negative Josephson
13
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Figure 2.10: Schematic circuit diagram for the model of the system used. An ideal step
voltage source switches the output voltage between the n = -1, 0, +1 steps of the Josephson
junction array J. Resistance R and capacitance C model the behavior of the complete system.
steps were biased at +IBias and −IBias, respectively. Note that only cases where IBias ≤ I1H
are considered. The zero step was biased at 0 mA.
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Figure 2.11: Model of the Josephson junction array with voltage step UJ, zero step width
2·IOH and first order step width I1H−I1L. IBias is the bias current at the end of the transient.
For a transient between the zero and +1 steps of the array, the ideal bias source changes
output from 0 V at t=0− to UBias at t=0+. For the array to be on the first order step,
UBias = UJ + IBias · R and I1L ≤ IBias ≤ I1H. This ideal voltage step is connected through R
to the parallel combination of C, rd and the current source IOH. The first order step from
the array response limits the output voltage of the Josephson Waveform Synthesizer (JWS)
to UJ.
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If rp is the parallel combination of rd and the equivalent source resistance R, the instan-
taneous output voltage of the JWS, across the capacitor and the array, for a given selected
bias current on the step IBias can be expressed as:
uJWS (t, IBias) = min
{
UJ
[UJ +R · (IBias − I0H)]
rP
R
(1− e
−t
rpC ).
(2.12)
The dependence on I1Lcan be expressed explicitly, instead of through rp, by rewriting
2.12 as:
uJWS(t, IBias) = min
{
UJ
UJ
[
1 + (IBias − I1L)
rp
UJ
]
(1− e
−t
rpC ).
(2.13)
As a result, the transient between 0 V and UJ has a duration of:
trise(IBias) = rpC · ln
UJ +R (IBias − I0H)
UJ(1−R/rp) +R (IBias − I0H)
(2.14)
or, to express the dependence on I1L more clearly,
trise(IBias) = rpC · ln
(
1 +
UJ
rp(IBias − I1L)
)
. (2.15)
Mathematically, the rise time becomes infinitely long when IBias = I1L, but not for IBias =
I+1L = I1L + ε, where ε is an arbitrarily small current. In practice, there will be an upper
bound for trise.
The same reasoning applies to the transient between 0 V and −UJ, which has exactly
the same duration and dependence on the bias current setting −IBias.
For the falling transient, the ideal bias source drops to 0 V at t=0+. As the voltage
across the capacitor cannot change abruptly, the current through the array becomes I1L
immediately. After that instant, the output of the JWS follows the discharge of the capacitor
through rp until the superconducting short-circuit keeps the voltage constant. The IOH
current source is still in parallel with rd and influences the theoretical final voltage across
the capacitor. The transient from −UJ to the zero step thus follows:
uJWS(t, IBias) = max
{
0 V
(UJ + I0H · rp) e
−t
rpC − I0H · rp
(2.16)
and has a duration of
tfall = rpC · ln
(
1 +
UJ
rp · I0H
)
. (2.17)
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As previously, the same reasoning applies to the transients between −UJ and 0 V, which
have exactly the same duration. From equations 2.16 and 2.17, it is clear that neither the
transients to the zero step nor the fall time depend on the value of bias current on the step
IBias.
Figure 2.12: Rising (top) and falling (bottom) transients at the output of the array. The
two extreme cases for the rising transients are presented, corresponding to bias currents
on the edges of the first order step, I1H, I1L. The exponential functions without the non-
linear behavior of the array are also shown, although the rising transient for I1L cannot be
distinguished from the Josephson voltage.
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Figure 2.13: Synthesized waveforms using four samples per period and two Josephson step
bias currents I, and the difference between them ∆U(I1, I2, t) = U(I1, t)− U(I2, t)
The predicted transients are shown in figure 2.12. The top graph depicts the extreme
cases, when the selected bias currents are at the edges of the first order step. In order to
maximize the effect of the transients, the duration of the transients should be long compared
to the period of the signal investigated. An approximated sine wave with four samples per
period is used to study the influence of IBias and IOH at high frequencies. Figure 2.13 shows
the predictions according to our model for two different bias currents. The difference between
the two signals is shown in the lower half and only becomes non-zero during the transients
that depart from the zero Josephson step.
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2.3 Conventional Impedance Standards
The impedance is commonly maintained in national measurement laboratories at the highest
accuracy levels using AC Bridges, such as the equal power four-terminal pair capacitance
bridge or the quadrature bridge. The Coaxial AC Bridge System uses a series of sources and
detectors to relate the value of a 1 kΩ resistance standard to the 10 pF primary capacitance
standard in terms of the quantum Hall resistance. More generally, a number of different
bridge systems are used to enable measurement of capacitance standards in the range 1 pF
to 1 mF (decade values) between 100 Hz and 10 MHz. [1]
The basis of an AC bridge is its use of coaxial conductors which carry equal and opposite
currents between the inner and the outer conductors. When the currents are balanced
such that they are equal and opposite, the bridge can be ensured that there is negligible
external magnetic interference on the bridge system. The main sources of uncertainty in
the quadrature bridge are the bridge frequency and the imbalance contributions from the
harmonics in the bridge source since the bridge is frequency dependent.
A terminal point of the measuring standard can described physically as an inner and outer
coaxial port, or a terminal-pair. Resistance standards that are measured in DC are made with
two-terminal or four-terminal. Whereas an impedance standard, which describe a measure of
opposition to alternating current, is quantified in two-terminal-pairs or four-terminal-pairs.
Therefore, the bridges that are used for measurement of impedance standards are categorized
into two classifications: two-terminal-pair bridges and four-terminal-pair bridges.
2.3.1 Coaxial Two-Terminal-Pair Ratio Bridge
A coaxial two terminal-pair ratio bridge is often used for comparing the ratio of two admit-
tances with similar values. Figure 2.14 shows the basic principle of a coaxial two terminal-pair
ratio bridge.
To obtain the precise ratio of two impedance standards at a nominal 1:1 ratio, voltages
with a fixed ratio of approximately 1:-1 are generated by a ratio transformer and applied to
the two standards. To compensate for the deviation U of the transformer ratio from nominal
and for the deviation of the impedance standards from their nominal value, a voltage injection
system is used to apply a small adjustable voltage Uinj in series with one arm of the ratio
transformer.
The injected voltage is generated by an inductive voltage divider (not shown in figure
2.14) and has a typical relative uncertainty of not more than 1 · 10−5. The injected voltage
is adjusted until the voltage detector (usually a lock-in amplifier) is nulled.
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To eliminate the deviation of the transformer ratio from nominal, the two impedance
standards are interchanged and the bridge is re-balanced. Then, the voltages injected for
both configurations allow calculation of the precise ratio of the impedance standards. Such
a coaxial ratio bridge is best in the frequency range from about 0.5 kHz up to 10 kHz and
yields a relative uncertainty of approximately 5 · 10−9.
Figure 2.14: Principle of a coaxial ratio bridge for the measurement of the ratio of two
impedances, R1 and R2. For the sake of simplicity, the outer conductors carrying the equal-
ized return currents are not shown.
2.3.2 Four-Terminal-Pair bridges
The four-terminal-pair quadrature bridge accurately relates the value of two 100 kΩ resis-
tance standards with two 1 nF capacitance standards at a frequency of 1.592 kHz. Since
the quadrature bridge is highly frequency sensitive, the frequency of the source must be
stable (or known) to an uncertainty of 10−9 and any contributions from the harmonics of
the fundamental frequency component filtered to avoid inter-modulation distortion. Such
quadrature bridges are used generally to measure the ratio between a resistance standard
and a capacitance standard.
For comparisons between ratios, the four-terminal-pair ratio bridges are used. Some
examples of four terminal-pair ratio bridges are the 100:1 equal power resistance bridge and
the 10:1 capacitance bridge. The 100:1 equal power bridge enables accurate comparison of
a 1 kΩ resistance standard with a 100 kΩ resistance standard at a frequency of 1.592 kHz.
The bridge system is designed to ensure that both resistance standards only dissipate 1 mW
of power during measurements.
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Whereas the four terminal-pair 10:1 capacitance bridge enables accurate scaling of the
value of capacitance standards at a frequency of 1.592 kHz. The combined quadrature and
10:1 capacitance bridge measurements enable the value of the 1 nF capacitance standards
to be determined. This value can then be scaled up to 1mF or down to 1 pF using the 10:1
bridge system.
20
Chapter 3
System Components
3.1 Bias Electronics and Synchronization
A pair of current bias sources, fabricated at the National Physical Laboratory (NPL), was
used for driving the dual Programmable Josephson Voltage Systems (PJVS). The specialty
of such sources are their ability to create fast rise-times of less than few ns per step change.
This is a huge advantage as errors of synthesized waveforms come mainly from its inability
to create a perfect step with negligible rise-time.
Each bias source has 15 drive circuits for synthesizing AC waveforms, where each bit can
be set to 0, +1 or -1. It has an update rate of 1.7 µs allowing up to about 1000 samples for a
frequency of 1 kHz as described in [36]. The bias current can be set to any value in the range
of -30 mA to + 30 mA using a fast D/A converter with 12-bit resolution. The uncertainty
in the current resolution is about 0.015 mA which is sufficient for biasing an array step with
a width of approximately 1 mA at a bias current of 4 mA. The bias electronics is capable
of generating a trigger signal either with every change of the output channels or once per
period of the synthesized waveform. A full specification is provided in appendix A.1.
To obtain the best rise-time, the bias source is designed to be used with 50-Ω loads
connected between the output of each current source and the overall system shield potential,
defined by the outer conductors of the coaxial cable. The control software makes a correct
allowance for the current flowing in these loads, which is dependent on the array segment
biases. Hence coaxial cables of 50-Ω drive impedance are chosen for connecting the source
to the array as it allows termination matching to reduce crosstalk between bias channels.
Rise-times between voltage steps of as low as 10 ns can be realized with the transmission
line method [37], where the reflections are cancelled at the array by a short circuit at the
end of a transmission line in a 50-Ω system.
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Figure 3.1: Trigger and clock scheme used for synchronizing two bias sources
A software package written in LabVIEW was specially created for running the Josephson
Bridge System. In order to carry out extended flexibility in the software, the structure was
oriented in a 7 layer model of computer networks. The lowest layer just transmits a byte to
the bias source. One level higher uses the information that these bytes correspond to setup,
voltage or time information. This concept is continued until the top most layer, which lets
the user control the system. (Appendix A.2) With the software skeleton in place, it becomes
easy to introduce add ons or tweaks into the system. One such example is the phase shifting
between the two systems.
Since impedance measurements include quadrature measurements, it requires the Joseph-
son Bridge System to phase shift between the two waveform synthesizer sources. Pulses from
an Agilent 33220A synthesizer are used to externally trigger the two Josephson bias elec-
tronics. The output signal of one module of the bias electronics is coupled via an optical
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isolation to the null detector as reference signal. The common clock that runs at 20-MHz
enables a syncronous time base for all instruments.
The delay is computer controlled via an USB interface. Its resolution is 250 ps for a 50-ns
range. For high frequencies, especially in the range from 1 kHz to 10 kHz, the resolution of
250 ps is insufficient. Hence an additional coaxial phase shifter having 100 ps span is used
to manually set the phase between both systems to an accuracy of about 10 ps. Figure 3.1
shows the trigger and clock scheme used for synchronizing the two bias sources.
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3.2 Reference Precision Resistors
A pair of 10 kΩ Vishay VHP202 resistors were chosen and constructed in to a thermal box
for temperature stability to 1 mK. This type of plane network plated resistors were selected
because of their high accuracies of 0.001 % and a long term shelf life of less than 2 ppm/yr.
These resistors also have remarkably low residual inductance and capacitance, as would be
expected from their small physical size and low-inductance construction (< 0.08µH ).
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Figure 3.2: Temperature coefficient of the two Vishay resistor standards used in all setups
The two resistors used have been selected to have almost identical temperature coefficients
in the temperature range 24 ◦C to 36 ◦C. Figure 3.2 demonstrated the temperature coefficient
of the Vishay resistors to as low as 1 ppm/K. Furthermore, they are placed in a thermally
controlled box which is maintained to 29.95 ◦C within 0.001 ◦C. Before a measurement can
be made, these resistors need at least a day for their temperature to stabilize if the thermal
box requires power to begin with.
The resistors were mounted in two separated chambers of one aluminum box to ensure
good temperature correlation and low electrical cross coupling. (Figure 3.3) Each end of the
resistor pin is divided into two lines of shielded cables out to a pair of BPO connectors. This
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Figure 3.3: Metal enclosure for housing the actual resistors separating the resistors pins by
a copper wall.
is crucial as they are the internal defining points for a four-terminal definition of the resistor
standards.
The aluminum cased resistors were subsequently placed into a foamed filled metal casing
that is fitted with a dozen temperature sensors. The Eurotherm 3508 hybrid programmer is
used to regulate the voltage on the temperature controller to keep the inner temperature to
±1 mK. Finally the metal casing is housed in a wooden frame with another layer of foam
insulation to shield from further temperature fluctuations.
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Figure 3.4: Photo of the temperature controlled box for housing the two resistors that are
highlighted in blue squares.
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Chapter 4
Stepwise Synthesized Josephson Sine
Waves
By rapidly switching a series of Josephson junctions between their quantized voltage steps,
AC waveforms with calculable rms voltages can be generated. As described previously, the
main part of error contribution in the stepwise synthesized sine waves depends largely on the
transients between quantized output voltages and their reproducibility [Jinni-2][8; 11; 15; 32].
This chapter presents the measurement results in comparison with the transients mod-
elling introduced in the previous chapters.
4.1 Transient Measurements
The waveforms at the output of the JWS were acquired with a 500 MHz digital oscilloscope.
Figure 4.1 shows a transient between the zero and first Josephson steps for the whole array
operated as a single segment. A steep transient of 5 ns is followed by overshoot and ringing.
The output settles to the quantized voltage after about 50 ns. As for most of the other
measurements presented in this paper, the array had I0H = 0.4 mA, I1L = 2.15 mA and
I1H = 2.75 mA. The dynamic resistance of the whole array for the model thus becomes rd
= 676 Ω. The bias current used was 2.3 mA. Note that the transient starts slightly after t
= 0 ns, due to the setting of the oscilloscope trigger.
The grey curve in figure 4.1 shows the transient predicted by the model for R = 50 Ω
and C = 120 pF. Using the minimum bias current increment from the NPL bias source, ε=
6.3 µA, the model predicts trise(I1H) = 36.7 ns, trise(I
+
1L) = 80.8 ns, and tfall = 39.9 ns.
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Figure 4.1: Time trace of a transient from a 100 kHz 4-sample synthesized waveform. The
grey curve shows the response of the model for R = 50 Ω and C = 120 pF.
4.1.1 Bias Current IBias Dependance
A detail in the waveform used for investigating the influence of the bias current setting
is presented on the top half of figure 4.2. This waveform corresponds to IBias = 2.3 mA.
The result of subtracting this waveform from uJWS(t, 2.6 mA) is presented in the lower half
of figure 4.2. In order to retain sufficient time resolution, only half a period is shown.
As predicted by the model, (figure 2.13), the difference only becomes non-zero during the
transients leaving the zero Josephson step. The peak in the difference waveform extends for
about 40 ns, in agreement with the 50 ns required to reach quantization deduced from figure
4.1.
4.1.2 Josephson Step Width Dependance
From 2.14, 2.15 and 2.17, the rise and fall times depend on the width of the Josephson steps
through I0H and I1L. These can be varied by modifying the microwave power employed.
With the array used for this paper, a change from 15 mW to 45 mW (maximum power
available for these measurements), results in the width of the zero step decreasing 1.5 mA to
0.3 mA and IOH changing accordingly. At the same time, the first order step width increases
from 0.36 mA to 0.72 mA, decreasing the value of I1L. The first order steps remain centered
at roughly the same current throughout.
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Figure 4.2: Output voltage for one bias current setting uJWS(IBias = 2.3mA) and voltage
difference between two different values ∆u = uJWS(2.6mA)− uJWS(2.3mA).
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Figure 4.3: Example of the difference between the JWS output at two different widths of
the Josephson steps, achieved by applying different microwave powers.
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Figure 4.4: Schematic diagram of the 4-terminal Josephson waveform synthesizer, with TCP
and TCM supplying the load current required by the PMJTC at the voltage set by the
Josephson array. Points A and B require careful balancing to avoid inducing a current on
the voltage leads.
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As a result, trise becomes shorter whereas tfall becomes longer as microwave power is
increased. The difference between two waveforms using the same bias current setting for
the first order step, but synthesized using higher and lower microwave powers will have
positive peaks both at the rising and at the falling transients. Figure 4.3 shows experimental
confirmation of this behavior qualitatively. It is however unclear, why the duration of the
peaks in the difference waveform are now much longer. This extended differences are present
in all the differences that were measured with different microwave power levels.
4.2 Thermal Converter Measurements
In order to determine the variations in rms value, the rms value of the JWS waveforms was
measured using a Planar Multi Junction Thermal Converter (PMJTC). The PMJTC used
has a resistance of 1.4 kΩ. In order to have the shortest transients possible, the transmission
line method [37] was also used in these measurements, as shown in figure 4.4. When using
a 1.2 V JWS, the current load on the bias modules exceeds their maximum output current
capability at this voltage. Two additional modules in the NPL bias source are used to feed
the current required by the PMJTC in a four terminal JWS [11]. The sources TCP and
TCM provide an in-phase or anti-phase copy of uJWS(t, IBias), so that ideally no current
flows in the voltage leads from the Josephson array.
Non-idealities in TCP and TCM mean that careful balancing between the Josephson
voltages and the PMJTC driving currents from TCP and TCM, is essential at the input of
the PMJTC (points A and B in figure 4.4). In this set-up, the open circuit smallest increment
in TCP or TCM of 320 µV translates into approximately 6 µV at the PMJTC. The control
software in the JWS compensates for the offset and linearity error of each channel in the
bias source, including TCP and TCM. The first step in the measurement procedure is to
determine and compensate the offset voltage and gain of TCP and TCM. No significant drift
has been observed in these two parameters for the duration of the measurements that have
been taken.
There will still be an unwanted voltage difference between the PMJTC and the array.
For a dc voltage, the voltage across the PMJTC is slightly different from the voltage across
the Josephson array, UPMJTC+ = UJWS+ + δI+ · 2Ω, where δI+ is the mismatch between the
difference of TCP and TCM at these output voltage settings and the Josephson array. To
first order, this is also the difference in the rms value. For the opposite polarity, UPMJTC− =
UJWS− + δI− · 2Ω. The unwanted contribution to the difference is thus ∆UPMJTC =
1
2
(δI+ −
δI−) · 2Ω, or approximately half the mismatch for each polarity. For each sample k in a
stepwise approximated waveform, the rms value of the whole waveform is proportional to
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U2PMJTCk = (UJWSk+δIk ·2Ω)
2 ≈ U2JWSk+UJWSk ·δIk ·2Ω. Waveforms have been investigated
where the number of samples NSamples = 2 · n, n = 1, 2, ... and the theoretical voltages for
the samples are symmetrical around 0 V. Over a period, the unwanted contributions to
the rms value average out to a certain degree. It should also be noted that the measured
AC-DC differences (figure 4.5)(figure 4.6) are significantly below the worst case value of
10 µV/V = 2 · 6 µV/1.2 V for extremely mismatched TCP and TCM outputs.
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Figure 4.5: AC-DC transfer difference as a function of trim current for frequencies from
20 Hz to 3.9 kHz using 128 samples.
The PMJTC measures the difference between the stepwise approximated waveform and
the rms value calculated for the same waveform but with arbitrarily short transients, the
ideal rms value. A precision digital nano-voltmeter was used to measure the output of the
PMJTC. As usual for AC-DC transfer measurements, a dc+ / ac / dc- sequence was followed.
As a precaution, long waiting times of 90 / 60 / 60 s, respectively, were observed to allow
the rms value to settle after changes in the bias parameters. In order to minimize reflections,
special care was taken to ensure equal lengths for the cables connected on the output of the
JWS, including the current carrying cables for TCP and TCM.
Figure 4.5 shows the transfer differences for AC-DC measurements in the frequency range
from 20 Hz to 4 kHz, using 128 samples per period of the generated waveform, when the
bias current is varied or trimmed from the center of the first order Josephson step. At low
frequencies, the difference is constant over a wide range of bias trim currents. Increasing
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Figure 4.6: Difference from ideal of the rms value for different sample numbers. a) trise = tfall,
b) tfall = trise/1.2. Measurements made at 485 Hz with different samples per period are
indicated with the squares.
the frequency makes the step width smaller and the slope increases. The step center, i.e.
Itrim = 0, also shows a linear increase of the transfer difference with frequency. This increase
becomes clearly visible above 520 Hz.
The influence of the number of samples per period used for the stepwise approximation
of the waveform was studied at a very close frequency, 485 Hz. Figure 4.6 shows both the
model predictions and the experimental data. The rms value of a waveform is related to
its integral over one period and is thus related to the area enclosed in that time. As the
transients from the presented model are slower than the arbitrarily short ones in the ideal
waveform, the area is smaller and the rms value lower.
If trise = tfall, the error in the rms value due to transients for a given time constant
can be reduced by increasing the number of samples NSamples [8]. On the other hand, if
trise = tfall + ∆t, the influence of NSamples on the rms value of the synthesized waveform
decreases as NSamples increases. Figure 4.6 shows these two predictions from the presented
model for a stepwise approximated sine wave of 485 Hz. The case where trise = tfall = 50 ns
is marked as a and tfall = trise/1.2 is marked as b in figure 4.6. The data points show
measurements performed with the PMJTC and NSamples = 4, 8, 16, ... 1024 and clearly lie
between these two curves. Therefore, it can be assigned that tfall ≈ trise/1.1 on the present
system for transients estimation.
33
4.2 Thermal Converter Measurements
It should be noted that the ratio trise/tfall becomes exactly 1, see 2.14 and 2.17, if the
array is biased to the center of the Josephson step and the width of the zero and first order
steps is the same, I0H =
1
2
(I1H − I1L).
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Chapter 5
Josephson Impedance bridges
5.1 The Josephson Two-Terminal-Pair Bridge (J2T)
The basis of the concept is to setup a bridge using two Josephson systems each driving a
synthesized AC wave to each of the standard resistors [Jinni-4]. Next, a null detector is
placed in the center of the bridge, it is hence quantifying the difference in the resistor values.
Balancing the bridge to reach a complete symmetry will require the two Josephson Waveform
Synthesizers (JWSs) generate voltage waveforms with the necessary phase difference to null
the voltage difference at the middle point between the impedances. A small residual voltage
will be measured by the null detector.
A simplified circuit diagram is shown in figure 5.1 showing that the natural way of
obtaining the difference in value between the resistors is hence
V1
V2
=
Z1
Z2
(5.1)
5.1.1 Experimental Setup
Figure 5.2 shows a complete schematics of the coaxial setup. The two JWSs, each comprised
of a programmable Josephson array, its microwave source and bias electronics, are connected
in series with the pair of impedance standards as described before. The 50-Ω resistors in the
schematics are for canceling reflections caused by the load when the system is not impedance
matched. The array, together with the 50-Ω resistors, is in liquid Helium temperature of 4 K
and pressure in the dewars is stabilized to 102.0 kPa ± 50 Pa.
As discussed previously, the rms voltage of the waveform generated by the JWS depends
on the exact shape of the transients, which in turn are influenced by parameters like the
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J
1 Z1
Z2J2
+U
-U
~00
Figure 5.1: Simplified schematic diagram of the two-terminal-pair Josephson impedance
bridge.
bias current used or the microwave power [Jinni-2]. The fundamental component of a square
wave is chosen for measurement as it has the lowest dependence on the transients [14; 38].
The two 10-kΩ resistors represent the standard resistors constructed for this work. In
this setup, only the voltage leads of the standards will be used and the current leads were
left as open circuit.
5.1.2 Measurement Procedure
In the measurements, the Josephson waveform amplitudes and the phase difference between
them are adjusted such that the null detector reading is close to zero. Using programmable
Josephson arrays in the JWSs implies no or little increase in the uncertainty when the
impedance ratio being measured is different from 1:1 by more than a few parts in 10−6. If
the resistances of the two JWSs, RJ1 and RJ2, all the additional impedances — such as the
contact resistance of the connectors and the cable resistances, both of the inner and outer
conductors — were precisely known, a single measurement would allow one to calculate
the ratio of the resistances R1 and R2 seen at terminals T1 and T2 (figure 5.2) based on
the calculable Josephson voltages. However, RJ1 and RJ2 and the additional resistances
are known only approximately. The problem can be alleviated by performing two sets of
measurements, as shown in figure 5.3, in which the position of R1 and R2 relative to the
sources is swapped. The forward configuration means that JWS1 and JWS2 set the voltages
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Figure 5.2: Schematic diagram of two Josephson waveform synthesizers connected with the
lock-in amplifier and the pair of resistance standards. (The thick black lines are drawn to
indicate outer conductors of the system)
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across R1 and R2, respectively. In the reverse configuration, JWS1 sets the voltage across R2
and JWS2, across R1. In order to differentiate between the different amplitudes programmed
in the two configurations, the voltages in the reverse configuration are denoted with a prime
symbol (’). With this method the additional resistances and RJ1 and RJ2 need not be known
exactly; only their difference must be stable during the whole measurement for best accuracy.
u' RJ1
U 1
-U 2
R 1
R 2
u RJ1
R J1
U' 1
-U' 2
R 2
R 1
U F U R
Forward Reverse 
u RJ2
R J2 R J2
u' RJ2
R J1
J1
J2
J'1
J'2
Figure 5.3: Simplified circuit diagram illustrating the forward and reverse bridge config-
urations with reversal of the resistors R1 and R2. The voltages are referred in equation
5.2.
5.1.2.1 Bridge Balancing Procedure
As with conventional two-terminal-pair impedance bridges, the balanced condition is satisfied
when the voltage difference measured at the input of the null detector is zero. The top part of
figure 5.4 shows this difference signal in the J2T bridge when the two JWSs are programmed
to exactly the same voltage and phase. This trace was acquired when measuring a 10-kHz
signal using the AC amplifier of a digital lock-in amplifier connected as shown in figure 5.2.
In order to null the voltage difference during the quantized state of the JWS outputs, the
microwave frequency used in one of them is tuned (lower part in figure 5.4). The area under
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the transients is minimized by adjusting the relative phase between the two JWSs outputs.
It should be noted at this point that the 80-kHz bandwidth of the AC amplifier considerably
widens the transients. These transients are in quadrature phase relative to the signal and
their contribution to the results is negligible as shown later.
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Figure 5.4: Voltage difference at the input of the lock-in amplifier: a) before balancing, b)
after both voltage and phase are balanced.
The two resistors R1 and R2 have very similar values – they deviate just by 2.6 µΩ/Ω
according to a measurement performed with a conventional bridge. The relative difference
between the two 50-Ω SMD-resistors (RJ1 and RJ2) is ten times larger. Balancing the
bridge requires a change in the microwave frequency of one JWS from e.g. 70.2785 GHz to
70.2790 GHz when the setup is reversed. As previously described, this can be done under
software control. Neither the 1 mA widths of the voltage steps of the array nor their absolute
position in bias current changes significantly between the different frequencies. The voltage
at the lock-in amplifier is typically kept smaller than 2 µV to reduce linearity errors.
Figure 5.5 shows the lock-in measurements for the magnitude of the voltage difference
in dependence of the delay between the Josephson bias sources for a 250-Hz rectangular
waveform. The minimum magnitude corresponds to the two waveforms being time-aligned
39
5.1 The Josephson Two-Terminal-Pair Bridge (J2T)
-2 -1 0 1
0
1
2
3
4
Forward
 
 
R
M
S
 m
ag
ni
tu
de
 (µ
V
)
Delay between two JWS (ns)
Reverse
Figure 5.5: Magnitude of the voltage difference at the input of the lock-in as a function of
the delay between the two JWSs for both forward () and reverse (△) measurements at a
signal frequency of 250 Hz. The absolute delay values are arbitrary.
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Figure 5.6: Forward and reverse voltage differences at 125 Hz when the amplitude of one
JWS is changed by altering its microwave frequency.
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at the input of the lock-in. The difference between the fits for the curves in the reverse
and forward configurations results in a difference in parasitic capacitance between the two
resistors and their associated cables of 110 fF ± 5 fF. This value is in excellent agreement
with the 115 fF measured with a conventional bridge.
The effect of varying the microwave frequency on the lock-in amplifier magnitude reading
is shown in figure 5.6. The relative phase between the two JWSs was set for minimum
voltage (see figure 5.5). As expected, the lock-in readings depend linearly on the microwave
frequency.
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Figure 5.7: Allan deviation analysis for measurement made with the lock-in amplifier every
20 ms. The dependence for white noise is shown as a visual aid.
5.1.2.2 Lock-in Amplifier Settings
In order to optimize the timing of the experiment an Allan deviation analysis is performed
[39]. Figure 5.7 shows the result for 40000 measurement points with 20 ms sample time,
thus covering 13 minutes. The graph demonstrates that measurements follow well the white
noise regime between 5 s and 60 s. For times larger than 60 s a steep increase is visible
which indicates a drift within the system. A measuring time of 15 s with 1 s time constant
is chosen for the data presented in this paper. This short measuring time is within the
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white noise regime and sufficient in this low noise setup to achieve a relative uncertainty of
≈ 4 nV/1.2 V ≈ 3×10−9.
This short measurement time allows making a complete frequency sweep in the forward or
reverse configuration within 10 minutes. The variations in the additional impedances in the
setup is thus kept small. The ratio of the resistances was measured at 18 frequencies between
25 Hz and 10 kHz. The frequency is changed automatically by the computer program by
changing the repetition frequency of the pulse generator used to trigger the JWSs. Each
frequency change requires a waiting time of 10 seconds to let the system settle and the lock-in
to stabilize.
5.1.2.3 Test for Quantization
The signature of a quantum standard is that the output remains constant when one or
more parameters are modified. For DC voltage, the current used to bias the junctions in
a programmable Josephson array to a constant voltage step can be trimmed over a certain
range without any changes in output voltage. For AC waveforms generated with a JWS, the
transients between quantized voltages change as a result of the different bias current [Jinni-
2]. The resulting variation relevant for the measurements, the amplitude of the fundamental
of the square wave generated, depends quadratically on the ratio between the duration of
the transient and the period of the square wave generated [14; 38]. At a signal frequency of
10 kHz, a resolution of 50 nV for the lock-in corresponds to a variation in the duration of
the transients below 23 ns.
Figure 5.8 shows the in-phase component (X) and the quadrature component (Y) at the
input of the lock-in amplifier at a frequency of 10 kHz when the bias current is trimmed
relative to the center of the step. In addition, the in-phase component when the phase setting
of the lock-in is modified by 0.3 degrees (X’) is also shown to illustrate the sensitivity of
this adjustment. In both cases, the in-phase component changes slope sharply for bias trim
currents of -0.4 mA and +0.4 mA. The total cable capacitance between the middle point of
the resistors and the input of the lock-in introduces a phase shift into the measurements.
It has been found that the phase setting for a flat in-phase component varies linearly with
frequency by 6 degrees between 25 Hz and 10 kHz. This matches the dependence expected for
cable capacitance of 140 pF. The lock-in phase settings for flat X components are measured
at different signal frequencies and subsequently used when changing the signal frequency for
the impedance ratio measurements.
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Figure 5.8: In-phase (X) and quadrature (Y) voltages at the input of the lock-in amplifier as
a function of the bias trim current for a signal frequency of 10 kHz. Note that the vertical
scales are different by a factor of 10.
5.1.2.4 Calculations
In summary, the measurement procedure works in several steps as follows. First, the highest
signal frequency is set and the two Josephson systems are connected to the two resistors
and set to generate opposite voltage waveforms. The JWS amplitudes are chosen in a way
such that the in-phase component at the lock-in is zero to balance the bridge. Then the
phase between the two waveforms is optimized i.e. the magnitude of the signal at the input
of the lock-in is minimized (figure 5.5). Finally, the phase setting of the lock-in amplifier is
adjusted such that the in-phase component is insensitive to changes in the Josephson array
bias current inside the constant voltage step.
For a pair of forward and reverse measurements balanced according to this procedure
and using the voltages depicted in figure 5.3, the resistance ratio is:
G =
R1 −R2
R2
=
1
2
[
2−
(
U2
U1
+
UF
U1
+
UF
U2
)
−
(
U ′1
U ′2
−
UR
U ′1
−
UR
U ′2
)]
, (5.2)
where
Ui = UJi − URJi , (5.3)
UJi =
4
pi
·
fi
KJ−90
· 8192 (i = 1, 2). (5.4)
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UJ1 and UJ2 represent the amplitude of the fundamental generated by the Josephson systems
JWS1 and JWS2, respectively. URJ1 and URJ2 denote the voltages across the 50-Ω resistors
connected to the voltage lines for the reflection compensation connection. The unprimed
and primed symbols correspond to the forward and reverse connections, respectively. The
lock-in voltage for the forward connection is UF and UR for the reverse one.
When performing measurements at different frequencies, one configuration is started
at the highest frequency and balance the bridge as just described. As the frequency is
changed, only the phase setting in the lock-in is modified according to the values previously
established from scans of the bias current at different signal frequencies. After measuring at
all the frequencies desired, the configuration is changed, e.g. from forward to reverse, and
the bridge is balanced again at the highest frequency.
5.1.3 Uncertainty Analysis
5.1.3.1 Mathematical Model
The ratio readout G from the system is obtained from the equation 5.2, in addition that the
voltage across the 50-Ω URJ1 is,
URJ1 =
Ra · (UJ1 + UJ2)
R1 +R2 +Ra +Rb
(5.5)
x = UF − UR =
(UJ1 + UJ2) · (R1 +Ra)− (UJ1 + UJ2) · (R2 +Ra)
R1 +R2 +Ra +Rb
(5.6)
Major sources of Type-B uncertainties in the measurement include
R1: Value of resistor 1
R2: Value of resistor 2
UJ1: Voltages generated by the Josephson systems JWS1
UJ2: Voltages generated by the Josephson systems JWS2
UF: Lock in voltage at forward connection
UR: Lock in voltage at reverse connection
URJ1: Voltage across the 50-Ω resistors connected to the voltage lines of JWS1
URJ2: Voltage across the 50-Ω resistors connected to the voltage lines of JWS2
Ra: the 50-Ω resistors connected to the voltage lines of JWS1
Rb: the 50-Ω resistors connected to the voltage lines of JWS2
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5.1.3.2 Uncertainty Equation
The combined standard uncertainty of the measured ratio uc(G) is given as the positive
square root of the combined variance u2c(G)[40], which is given by:
u2c(G) =
N∑
i=1
(
δG
δxi
)2
u2(xi) (5.7)
The combined variance can be viewed as a sum of terms, each of which represents the
estimated variance associated with the output estimate generated by the estimated variance
associated with each input estimate. The combined standard uncertainty can hence be ex-
pressed as a series of sensitivity coefficients,
u2c(G) =
(
δG
δR1
)2
u2(R1) +
(
δG
δR2
)2
u2(R2) +
(
δG
δUJ1
)2
u2(UJ1) +
(
δG
δUJ2
)2
u2(UJ2)
+
(
δG
δUF
)2
u2(UF ) +
(
δG
δUR
)2
u2(UR) +
(
δG
δuRJ1
)2
u2(uRJ1) +
(
δG
δuRJ2
)2
u2(uRJ2)
+
(
δG
δra
)2
u2(ra) +
(
δG
δrb
)2
u2(rb)
where the sensitive coefficients are
c1 =
δG
δR1
= δG
δR2
= δG
δrb
= UR−UF
UJ (Rall−2ra)
−
Rall(UR−UF )
UJ (Rall−2ra)
2
c2 =
δG
δUJ1
= δG
δUJ2
= − Rall(UR−UF )
UJ
2(Rall−2ra)
c3 =
δG
δUR
= − δG
δUF
= − Rall
UJ (Rall−2ra)
c4 =
δG
δRa
= δG
δRb
= UR−UF
UJ (Rall−2ra)
+ Rall(UR−UF )
UJ (Rall−2ra)
2
A detailed report is generated by the GUM Workbench [41] is presented in Appendix
A.3. It gives an example of uncertainty calculations made for this setup using typical values
and the resulting expanded uncertainty of ± 21 x 10−9 (k = 2).
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5.1.4 Results and Discussion
Measurements from the J2T bridge for frequencies from 25 Hz to 10 kHz are compared
with measurements made with the conventional bridge in figure 5.9. The dashed line is a
polynomial fit to the values measured by the J2T bridge, and is just to guide the eye. Each
measurement result from the J2T bridge is the average of 4 sets of forward-reverse pairs
having a type-A uncertainty (k = 1) of about 2 parts in 10−8 for frequencies from 25 Hz to
6 kHz. Each point for either configuration is the average of the lock-in readings over 15 s.
Just the two highest frequencies, 8 kHz and 10 kHz, show an increased uncertainty. This is
because the influence of the transients is more pronounced.
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Figure 5.9: Resistance ratio measurements from the J2T bridge () and from a conventional
two-terminal-pair impedance ratio bridge (△).
The J2T bridge measurements show very good agreement with the measurements made
with the conventional bridge, depicted in figure 5.9 as open triangles. We can clearly con-
clude that at frequencies below 5 kHz the results from the J2T bridge match those of the
conventional bridge to a few parts in 10−8. Another advantage of the J2T bridge is given
by its capability to compare different impedances with effective phase angles of any degree.
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Large phase differences between the voltages applied to the impedances can be programmed
into the bias sources in the JWSs and fine tuned with the programmable delay in steps as
small as 250 ps.
0 100 200 300 400 500 600 700
50.615
50.620
50.625
R
e
s
is
ta
n
c
e
(:
)
Time (s)
unplugged and reconnected
Figure 5.10: Time series for measurements of the 50 Ω output resistance of a JWS with its
Josephson array unbiased. The spikes are due to the BPO connectors being unplugged and
reconnected.
The accuracy of any kind of two-terminal-pair impedance measurement system is limited
by the reproducibility and the stability of the contact resistance and cable impedances in
the measurement circuit. To evaluate the influence of the contact resistance, the output
resistance of one Josephson system was measured. This was done with an Agilent 3458A
digital voltmeter in two-terminal-pair mode and the Josephson array on the zero step. The
BPO connector was unplugged and directly re-connected. Figure 5.10 shows a time series
of these measurements. The spikes indicate the connecting cycles. Apart from the sudden
changes in resistance of up to 2 mΩ, the average resistance change for sets of 10 disconnections
and re-connections was 1 mΩ. As it can be calculated, a 2 mΩ difference in the resistance
of the systems results in a 0.1 µΩ/Ω change in the measured resistance ratio.
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5.2 The Four-Terminal-Pair Setups
A four-terminal measurement is the technique that uses separate pairs of current-carrying
and voltage-sensing wires for making more accurate measurements than two-terminal sys-
tems. When the condition is met such that there are no currents flowing through the voltage
leads, the resistance value can be defined at the point of connection between the voltage
and the current lines on both sides of the resistor. At the same time, electrical and mag-
netic interferences are eliminated and the problem of contact resistance that is seen in the
two-terminal setup does not exist in the four-terminal setup.
5.2.1 Potential Comparison Circuit
The four-terminal-pair configuration of this section is a setup of a potential comparison
circuit making use of the AC Quantum Voltmeter (ac-QVM)[Jinni-5]. The ac-QVM is an
instrument for measuring AC waveforms by comparing them to a Josephson waveform. It has
been successfully tested and first measurements at the ± 2.4 p-p V level give an uncertainty
of 5 x 10−8 (k = 1) [12]. The concept is to use a sampling digital voltmeter connected
together with a Josephson Waveform Synthesizer (JWS) to measure the difference between
the generated waveform and the source waveform. For simplicity, we will name this circuit
configuration as J4T-PCC for Josephson four-terminal-pair potential comparison circuit.
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Figure 5.11: Shaded portions of the synthesized waveform are not measured in the sampling
method. Measurements only taking into account the parts where voltage steps are quantized.
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By using the sampling techniques with digital voltmeters, the uncertainties due to tran-
sients can be avoided. Sampling allows measurements to be made in slices of a ‘window’.
Instead of measuring the whole waveform as it is done with the lock-in amplifier, a sampling
digital voltmeter (DVM) such as the Agilent 3458A collects data within a designated period
of a given waveform. This method can be simply demonstrated in figure 5.11 where only the
windows of the quantized waveform are measured. The greyed out area containing unwanted
transients of a synthesized waveform can be completely ignored.
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Figure 5.12: Time trace of a 5 kHz waveform compared to a 1250 Hz waveform showing the
width of measurable quantized steps reduces as sample frequency increases.
The downside of this method is that the window that accommodates quantized step
measurements gets smaller and smaller as the sample frequency increases. As shown in figure
5.12, the time trace of a 5 kHz sample waveform is compared to the 1250 Hz waveform. The
5 kHz waveform has a narrow measurable width of an aperture time that is less than 20 µs
as opposed to the 1250 Hz waveform that has a wide integratable time of more than 200 µs.
The large settling time of the transients is caused by the relaxation of the sampling DVM its
input filters are charged by the transients [42]. It has a capped sample frequency of 6 kHz
in this present setup. This can be improved if the settling time of transients seen by the
sampling DVM is shortened or by having a faster A-D converter with high precision.
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5.2.1.1 Characterizing Amplifiers
The major component of the ac-QVM is the null-detector. Since the voltage differences
measured are kept to as low as 1 µV, measurements are dominated by the null-detector
noise [43]. To overcome this fact, small voltage levels can be amplified. An amplifier with a
gain of 100 is used as described in [44].
To test the performance of the amplifier, it is placed between two synchronized JWSs.
Figure 5.13 shows a measurement of a synchronized 4-sample Josephson waveform in the
frequency range from 80 Hz to 4 kHz [Jinni-6]. Measurements are made on the voltage
difference between positive and negative 1-V steps, and the voltage difference between the
0-V steps of the 4-sample waveform. Measurements made at the 0-V steps act as a check for
determining the presence of unwanted offset levels that is adding voltage to the null-detector.
Overloading of the pre-amplifier is avoided by tuning the programmable delay unit to
prevent large voltages output from the waveform transients.
The measurements show very small voltage differences of less than 10 nV. This means
that the relative uncertainty is less than 1 part in 108, and that is an improvement by a
factor of five at the 1-V level in uncertainty and frequency range [12].
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Figure 5.13: Measurement of two Josephson 4-samples waveforms using a differential pre-
amplifier[Jinni-6].
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5.2.1.2 Experimental Setup and Procedure
Figure 5.14 shows the schematic used for this setup. The JWSsource depicted in the left
acts as a source for driving the two standard resistors, whereas the JWSmeter on the right
plays the role as a meter for balancing a null on the detector. The JWSsource in this setup
configuration uses a stacked Josephson array of 2.4 V [45] and generates 1.2 Vp-p to each of
the resistors. The null-detector connected in between the resistors measures the difference
voltage between the source and the JWSmeter.
Similar to the J2T bridge, Josephson waveform amplitudes and the phase difference
between the two systems are adjusted such that the null detector reading is close to zero.
Subsequently, a series of measurement parameters are given to the sampling voltmeter for
collecting readings in a different frequency range. Next, the JWSmeter is shifted together
with the sampling DVM to the connections of resistor R2. The same procedure is followed.
Figure 5.14: Schematic diagram of the 4-terminal-pair measurement setup using ac-QVM as
a potential comparison circuit.
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Frequency (Hz) Aperture time (µs)
20 5000
40 2000
139 1000
400 700
1250 200
2500 100
4000 20
6250 10
Table 5.1: Table of the measuring frequency and its corresponding integration time used.
The resistance ratios between the standards can be calculated as [6]:
R1 −R2
R2
=
Umeter − Ureading
U ′meter − U
′
reading
− 1 (5.8)
where Umeter is the voltage generated by JWSmeter and Ureading is the voltage measured by
the sampling DVM at the connection to R1. The same goes for the configuration when the
ac-QVM is switched to the connection of R2, and the difference is denoted with a prime
symbol (’).
Each measured frequency is set with a different aperture time that is programmed for
measurement mining as given in table 5.1, since different frequencies have different width of
measurable window. The highest frequency of 6250 Hz has reached a minimum measurement
window time of 10 µs integration time since it is limited by the large settling transients time
that is experienced by the voltmeter input filter (as shown in figure 5.12). Each measurement
is made to a duration of 2 minutes.
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5.2.1.3 Results and Discussion
Figure 5.15 shows the preliminary measurement results of the J4T-PCC, as compared with
measurement results from the J2T. Each result point per frequency is an average of 10
measurements, of which each single measurement is the reading of the sampling DVM over
120 s. Type-A uncertainties (k = 1) for frequencies below 1 kHz are less than 1 part in 10−8,
which demonstrates a successful outcome for the sampling technique.
The setup as a potential comparison circuit is very good for measuring at low frequencies
since the accuracy of the sampling-method increases greatly due to longer measurable time
on the quantized step. Unlike the J2T bridge, the J4T-PCC does not suffer from the incon-
sistencies of contact resistance. However, the limit of this setup is restricted to a highest
measurable frequency of 6 kHz due to the lack of effective measurement window.
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Figure 5.15: Preliminary measurement results of the Josephson four-terminal-pair potential
comparison circuit, as compared with measurement results from the Josephson two-terminal-
pair impedance bridge.
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The slightly lower shift of the sampling measurements of 3 x 10−8 as compared to mea-
surements made by the J2T bridge equates to a change of 0.3 mΩ. The value is reasonable
to account for contact resistances seen in the J2T bridge.
However, this is not an impedance measurement as it does not measures the complex
component. An impedance measurement would be given by:
Z =
U
I
= R · (1 + jωRC + ω2LC) (5.9)
As the J4T-PCC setup has disregarded the measurements from the transients, the last two
components jωRC and ω2LC are not measured. Therefore, the results shown above accounts
only to the real component of the resistors and this setup lacks the ability to perform phase
measurements.
5.2.2 Outlook - Coaxial Circuit
For making a true impedance four-terminal-pair measurement, the whole waveform has to
be measured with a lock-in amplifier. One concept is to have a completely symmetrical
coaxial bridge circuit. As shown in figure 5.16 each resistor on the coaxial setup has four
leads connecting to it, two current leads and two voltage leads, hence fulfilling the 4-terminal
definition of a resistor. The current-carrying leads of the resistors are the horizontal lines
across the resistors whereas the voltage leads are the vertical lines from the resistors. The two
systems JWS1 and JWS2 comprise of the same components as mentioned in the section of
the J2T bridge where they consist of the bias electronics and the 50-Ω resistors for canceling
reflections.
The schematics show that the JWS drives the resistors on their current leads with full
array (1.2 V p-p) and runs half of the array (0.6 V p-p) on the voltage-sensing leads of the
resistors. A switch (Switch 1, Switch 3) is connected to one end of the voltage-sensing leads
of a resistor, and an adjustable 10 kΩ is connected to the current lead on the same end of
the resistor.
This part of the bridge is balanced by tuning the value of the 10 kΩ adjustable resis-
tor such that the detector (lock-in amplifier) registers no change when opening or closing
switch 1. At this point, there will be no current flowing through the voltage lead that is
indicated in the schematic diagram (i = 0). The same goes for balancing the loop on the
side of JWS2 using Switch 3.
In the center of the bridge, the approach is applied similarly by using a Kelvin Double
Bridge [46]. A switch (Switch 2) is installed between the current leads of both resistors and
a pair of 100 Ω is connected in the loop to the lock-in amplifier. This section of the bridge
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Figure 5.16: Schematic diagram of the 4-terminal-pair potential comparison circuit using
the lock-in amplifier.
55
5.2 The Four-Terminal-Pair Setups
balances in the same manner as above: the adjustable 100 Ω is tuned to a value in which
opening or closing switch 2 does not cause a change in the lock-in reading. When this is
achieved, the potential difference between points A and B can be described as being truly
zero.
Since both Josephson arrays are set in two different dewars and attached to two different
cryo-probes, there are dissimilarities in the resistances of the outer-conducting cables on the
probes. It is measured that the resistance of outer conductors on the two cryo-probes are
about 500 mΩ. Assuming a 2% difference on the resistances of the cryo-probes together with
a 50 µA current flowing in the system, results in: 10 mΩ x 50 µA / 0.6 V = 833 nV/V, which
is a huge difference comparing to the uncertainty that is aimed to be at nanovolt level. This
problem can be solved in two ways: either by ensuring no differences or low resistance on
the cryo-probes; or by performing a reversal of swapping the two JWSs, as identical to the
reversal procedure for the J2T bridge.
When all balancing conditions are met, the lock-in amplifier gives a value that is equiva-
lent to UF , or the measured voltage in a forward configuration. A following reversal is made
and the bridge has to be re-balanced once more due to the differences in the 50-Ω resistors
(RJ1 and RJ2). Equations that are previously used to describe the J2T bridge likewise can
be applied in this setup for calculations of the final resistors ratio.
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Figure 5.17: Allan deviation for measurements made on the 4-terminal-pair coaxial setup.
Preliminary Allan deviation of this setup shows promising results (figure 5.17). Measure-
ments were made with 200,000 readings with 100 ms per sample. The graph indicates that
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Figure 5.18: Preliminary results of the four-terminal-pair coaxial circuit compared with
results shown in previous graphs of the J2T bridge and the J4T-PCC. Error bars show
type-A uncertainty.
measurements follow the white noise well into 1000 s or 17 min with a Allan deviation value
of less than 1 nV. This is a strong proof that the setup is very stable and it exhibits great
potential to achieve measurement accuracies of at least a factor of 10 better than the J2T
bridge (refer to figure 5.7), even though manual balancing of the bridge may be unavoidable.
The preliminary results of the four-terminal-pair coaxial circuit show agreement to the
J4T-PCC setup to about 6 parts in 108 for frequencies below 5 kHz, while they clearly reveal
a systematic error within the setup (figure 5.18). The type-A uncertainties of frequencies
below 5 kHz are on average at 10−9 levels (k = 1). The unexpected change in frequency
dependence at high frequencies may be due to the fact that the transients were affecting the
setup largely when balancing the bridge.
Another reason is that due to the mismatched resistance in the cryo-probe cables, the
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setup does not have equal and opposite currents flowing through the system. Current equal-
izers are commonly installed on a conventional bridge to achieve equal and opposite currents
flowing between the inner and outer conductors. However they cannot be used on this setup
as they corrupt the transients extensively. Hence this may cause the setup to collect elec-
trical or magnetic interferences from the environment contributing to the systematic error
seen in the graph.
One of the challenges faced is that when opening the switches for balancing, there are large
amounts of reflections experienced by the system. Transients of the generated waveforms
become at least 10 times larger and hence cause a big error contribution in measuring high
frequencies. This may be the reason for the inconsistency seen in the frequency dependence
that is determined by the bridge.
The investigation of the four-terminal-pair-coaxial configuration remains a preliminary
examination so far. It has the potential of type-A uncertainties to reach lower levels than
10−9 as soon as the systematic errors are figured out. Further observation will be required
such as the bridge sensitivity, pin-pointing the sources of system offsets and minimizing the
resistance differences between the outer conductors of the two JWSs.
5.3 Outlook for Future Josephson bridges
The method of using Josephson voltage sources as impedance bridges is presently uncharted
and there will be great perspectives ahead. First and foremost, additional development can
be made on impedances with unlike phase angle differences, for example by comparing a
capacitance and resistance standard.
Subsequently, larger unconventional ratios could be tested even to levels of 10:1 or more.
This would be especially favorable in the dissemination of the quantum hall resistance of
12,906 kΩ to conventional impedance standards that have values in multiples of 10.
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Conclusion
An innovative concept for impedance bridges based on programmable Josephson quantum
voltage standards has been developed and tested. It has been demonstrated that the mea-
surements made by the programmable Josephson impedance bridges are comparable to con-
ventional bridges, notwithstanding many other additional benefits.
The uncertainty of the rms value in the stepwise synthesized Josephson waveforms, used
in Josephson bridges, depends on errors contributed by the transients. A simple model for
describing the influence of bias current and array parameters on the transients has been
presented. It has been confirmed experimentally with thermal converter measurements that
rms measurements at 1 kHz have a type-A uncertainty of 1·10−6 [Jinni-2]. Measurement
procedures that use the fundamental component of a Josephson generated rectangular wave-
form show the smallest dependence on variations of the transients. Quantization at up to
10 kHz has been confirmed by varying the bias current of the Josephson arrays resulting in
constant resistance ratios within the measurement resolution of a few parts in 108 [14; 38].
The Josephson 2-terminal-pair setup (J2T) demonstrated that impedance measurements
made between two 10 kΩ resistances reach an uncertainty of a few parts in 108 for frequencies
below 6 kHz, which is comparable to conventional impedance bridges. In addition, the
measurement of 110 fF ± 5 fF for the differences in parasitic capacitances of the resistance
standards is determined and it is in accurate agreement with the 115 fF measured using the
quadrature component of a conventional impedance bridge.
For 4-terminal Josephson bridges, the potential comparison setup determines the resis-
tance ratios to a few parts in 10−8 and a factor of 3 better for frequencies below 1 kHz. As
the potential comparison setup is based on voltmeter sampling methods, it does not measure
the complex components between the resistors.
The 4-terminal-pair coaxial circuit setup covers the ability to evaluate the complex
impedance of the resistance standards. It shows an agreement with the results from the
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potential comparison setup to about 6 parts in 108, while more investigations have to be
made to understand the systematic errors within the deviation between the two different
4-terminal setups. The coaxial circuit setup has been shown to be very stable at a type-A
uncertainty below 10−9, so that once the problems are solved, there is great potential of
reaching very good overall uncertainties.
The measurement results in this work prove that the Josephson bridge system (both
2-terminal and 4-terminal setups) can match the uncertainty of conventional impedance
bridge setups. In addition, impedance measurements can be made at arbitrary frequencies
in a wide-band range from DC to 10 kHz, as compared to conventional bridges with fixed
frequencies restricting to the multiples of 500 Hz to 10 kHz. Furthermore, both J2T bridge
and the 4-terminal-pair potential comparison circuit setup will allow automated operation,
whereas conventional automated impedance ratio bridges commonly loose accuracy due to
the performance limitation of electromechanical relays in the circuit. Measurements pro-
cedures are able to be easily executed by a pre-determined program sweeping through the
desired frequency and phase ranges.
In summary, it has been proven that the Josephson impedance bridges are capable of
performing impedance ratios measurements as accurately as conventional bridges. It has
also been demonstrated that the capabilities of the Josephson bridge system exceeded con-
ventional bridges largely due to its ability to measure in a broad bandwidth and its scope for
complete automation without loss of uncertainty. Although the new Josephson impedance
bridge technique, pioneered by this work, is still in its early development state, it has proven
its potential for applied and fundamental ac impedance metrology. Recently, it was shown
that the Farad can be traced to the Ohm via the ac quantum Hall effect accurately by using
conventional impedance bridges [47]. In the future, the new Josephson bridge technique may
for instance provide an independent way of realizing this link.
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A.1 Binary Josephson Array Bias Source
Specifications
Waveform points 32,768 max
Amplitude resolution 15 array bits or 65,535 levels on 15 bit
Arrays
Waveform memory 512k x 16 bit Static Random Access
Output current 5 mA Bipolar
Current driver resolution 14 bits
Settling time 20 ns on 50 Ohm load
Output compliance ± 2 V
Front Panel connectors 15 SMBs (current outputs), 2 pin ADC
input, 3 Optical Fibre connectors
Synchronized to external 10 MHz TTL compatible or optical input
Computer interface National Instruments PCI-6503
Power requirements 24 V dc, 5 A maximum
4U Standard Eurorack dimensions 480 mm x 180 mm x 430 mm (W:H:D)
approx
Weight 6 kg approx
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Description of the different layers used in the Bias and System controlling software
Layer Name Description Remark
7 GUI User Interface (UI) layer Part of this layer contains
the system setup wizards;
6 Interface UI to system interface layer Wizards would not remotely
controllable since direct ac-
cess to hardware required
5 Jo-voltage Defines Jo-voltages and Jo-
voltage patterns for the sys-
tem;
This layer requires segment
definitions ( of junctions in
each BinArray segment)
4 Bias Calculates bias currents and
bias current patterns
Requires array characteris-
tics such as step widths,
current bias at the center of
the step
3 Source current Converts required bias cur-
rents to source voltages and
source voltage patterns; cal-
culates timing data
Uses source-channel to seg-
ment mapping; needs out-
put and lead resistance val-
ues
2 Source voltage Uploads voltages and volt-
age patterns to the source;
Initiates voltage pattern
scans
Uses source voltage calibra-
tion data; part of this layer
is a voltage source calibra-
tion wizard
1 Source raw Writes raw amplitude and
timing data to (and reads
them back from) NPL
source (treats the source as
an uncalibrated m-channel,
n-bit, D to A converter)
Uses instrument address
to handle more than one
source
0 Low level comm Communication layer (opti-
cal ring, source register ac-
cess, CIN or DLL-based)
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Uncertainty Budget for the Two-Terminal-Pair Josephson
Impedance Bridge 
Uncertainty budget related to the set up of the Two-Terminal-Pair Josephson Impedance Bridge
measuring an impedance ratio at 1:1.
The bridge is set up using two Josephson Waveform Synthesizer (JWS), generating rectangular
waveforms at a frequency ranging from 25 Hz to 10 kHz. The two standard resistors to be
measured, 10-k: Vishay VHP202 resistors, are mounted in a temperature controlled enclosure
which is stabilized to 29.95°C within ± 1 mK. Measurements are made with a lock-in amplifier at
the range of 5µV and at a gain of 50 dB in this case.
Model Equation:
Rr=0.5*(2-((UJ2-uRJ2)/(UJ1-uRJ1)+UF/(UJ1-uRJ1)+UF/(UJ2-uRJ2))-
((UJ1-uRJ1)/(UJ2-uRJ2)+UR/(UJ1-uRJ1)+UR/(UJ2-uRJ2)));
uRJ1=Ra*(UJ1+UJ2)/(Ra+Rb+R1+R2);
uRJ2=Rb*(UJ1+UJ2)/(Ra+Rb+R1+R2);
List of Quantities:
Quantity Unit Definition
Rr Ratio measured between two resistors
UJ1 V Josephson Voltage generated from JWS1
uRJ1 V Voltage across the 50-: resistors connected to the voltage lines  of
JWS1
UJ2 V Josephson Voltage generated from JWS2
uRJ2 V Voltage across the 50-: resistors connected to the voltage lines of
JWS2
UF V Voltage read by the lock-in amplifier in the forward connection
UR V Voltage read by the lock-in amplifier in the reverse connection
Ra : the 50-: resistors connected to the voltage lines of JWS1
Rb : the 50-: resistors connected to the voltage lines of JWS2
R1 : Resistance value of Resistor 1
R2 : Resistance value of Resistor 2
Rr: Result
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UJ1: Type B normal distribution
Value: 1.514848645 V
Expanded Uncertainty: 0.000000001 V
Coverage Factor: 2
Voltage generated by JWS1 using a square wave at 70.235 GHz of 8192 Josephson junctions.
(70.235*8192/483597.9)*(4/pi)
uRJ1: Temporary
Voltage across the 50-: resistors connected to the voltage lines of JWS1 due to the
employment of the reflection compensation connection.
UJ2: Type B normal distribution
Value: 1.514902566 V
Expanded Uncertainty: 0.000000001 V
Coverage Factor: 2
Voltage generated by JWS1 using a square wave at 70.2375 GHz of 8192 Josephson junctions.
(70.2375*8192/483597.9)*(4/pi)
uRJ2: Temporary
Voltage across the 50-: resistors connected to the voltage lines of JWS2 due to the
employment of the reflection compensation connection.
UF: Type B normal distribution
Value: 0.000005357 V
Expanded Uncertainty: 0.000000011 V
Coverage Factor: 1
UR: Type B normal distribution
Value: -0.000001390 V
Expanded Uncertainty: 0.000000011 V
Coverage Factor: 1
Ra: Type B normal distribution
Value: 51.02 :
Expanded Uncertainty: 0.013 :
Coverage Factor: 1
Measurement uncertainty = ± 0.013 :
Contact resistance = ± 0.001 :
Temperature coefficients = 10 ppm/K
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Rb: Type B normal distribution
Value: 51.36 :
Expanded Uncertainty: 0.012 :
Coverage Factor: 1
Measurement uncertainty = ± 0.012 :
Contact resistance = ± 0.001 :
Temperature coefficients = 10 ppm/K
R1: Type B normal distribution
Value: 9999.937 :
Expanded Uncertainty: 0.004 :
Coverage Factor: 1
Temperature coefficients = 0.011 :/K
Temperature controlled enclosure at ± 1 mK
R2: Type B normal distribution
Value: 9999.963 :
Expanded Uncertainty: 1 :
Coverage Factor: 1
Temperature coefficients = 0.011 :/K
Temperature controlled enclosure at ± 1 mK
Uncertainty Budget:
Quantity Value Standard
Uncertainty
Degrees
of
Freedom
Sensitivity
Coefficient
Uncertainty
Contribution
Index
UJ1 1.514848645000
V
500·10-12 V 50 0.0 0.0 0.0 %
uRJ1 7.68957·10
-3 V 1.99·10-6 V
UJ2 1.514902566000
V
500·10-12 V 50 0.0 0.0 0.0 %
uRJ2 7.74081·10
-3 V 1.84·10-6 V
UF 5.3570·10
-6 V 11.0·10-9 V 50 -0.66 -7.3·10-9 50.0 %
UR -1.3900·10
-6 V 11.0·10-9 V 50 -0.66 -7.3·10-9 50.0 %
Ra 51.0200 : 0.0130 : 50 not valid! -4.0·10-12 0.0 %
Rb 51.3600 : 0.0120 : 50 not valid! 560·10-15 0.0 %
R1 9999.93700 : 4.00·10-3 : 50 0.0 0.0 0.0 %
R2 9999.96 : 1.00 : 50 670·10-15 670·10-15 0.0 %
Rr -2.632·10
-6 10.3·10-9 100
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Result: Quantity: Rr
Value: -2.632·10-6
Expanded Uncertainty: ±21·10-9
Coverage Factor: 2.0
Coverage: t-table 95%
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